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1. INTRODUCTION
In the study of indecomposable decompositions of a module, there are
several properties which play a signiﬁcant role. A condition that is very
useful in practice for checking whether a module X has an indecompos-
able decomposition is the property that every local direct summand of
X is a direct summand (see, e.g., [3, 7]). This property was also used
in [5] to show that every -CS-module has an indecomposable decompo-
sition. On the other hand, an indecomposable decomposition of a mod-
ule X is particularly well behaved when the endomorphism rings of the
indecomposable direct summands are local, for then all the indecompos-
able decompositions are equivalent by the Krull–Remak–Schmidt–Azumaya
Theorem [1, Theorem 12.6]. Moreover, this condition is also strong enough
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to ensure that having every local direct summand of X be a direct sum-
mand becomes equivalent to most of the other properties associated to
indecomposable decompositions, such as complementing direct summands
or X having the exchange property, as was shown by Harada [6] and
Zimmermann–Huisgen and Zimmermann [9]. In this paper we consider an
indecomposable module M and we show, by means of a sort of “Transﬁnite
Fitting Lemma,” that for big enough direct sums of copies of the module,
having every local direct summand be a direct summand already implies
that EndM is local. Thus all the standard properties of indecomposable
decompositions are equivalent for large direct sums of the module.
More generally, we show that having every local direct summand be a
direct summand is also a very useful condition when it holds for all the mod-
ules of the class Add M consisting of the direct summands of direct sums
of copies of an arbitrary module M . It follows from the preceding results
that this is equivalent to every module of Add M having a decomposition
that complements direct summands, and also to M being a module with an
indecomposable decomposition and such that MI has the exchange prop-
erty for every set I. In the very special case M = RR we recover some
known characterizations of right perfect rings, due to Anderson and Fuller,
Azumaya, and others, but we emphasize that our methods are different
from the ones used by these authors.
Throughout this paper all rings R will be associative and with identity,
and Mod-R will denote the category of right R-modules. By a module we
will usually mean a right R-module. We refer the reader to [1, 8] for all
undeﬁned notions used in the text.
2. RESULTS
We start with a lemma which will be useful later on.
Lemma 2.1. Let I be a totally ordered set and Mi fijI a direct system.
Then the kernel of the canonical homomorphism
⊕
I Mi → lim−→Mi is a union
of a chain of direct summands of
⊕
I Mi.
Proof. Let, for each i ∈ I, εi Mi →
⊕
I Mi be the canonical injection.
By [8, 24.2] we have that, setting Mij =Mi for each pair i ≤ j, there exists





Mi −→ lim−→Mi → 0
where F is the morphism induced in the coproduct by the family of mor-
phisms 	εj ◦ fij − εi Mij →
⊕
I Mii j ∈ I i ≤ j. The kernel of the canon-
ical morphism
⊕
I Mi → lim−→Mi is then ImF =
∑
i≤j Im εj ◦ fij − εi and
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If xi ∈ Mi for some i ∈ I i ≤ k, and we consider εixi ∈
⊕
I Mi, then
we have that εixi = −εk ◦ fikxi − εixi + εk ◦ fikxi ∈ Im εk ◦
fik − εi + Mk. This shows that
⊕
I Mi = 
∑
i≤j≤k Im εj ◦ fij − εi +
⊕k≤l Ml and, in order to prove that this sum is direct, we next show
that, for each k ∈ I,( ∑
i≤j≤k








Let x be an element belonging to this intersection. Then there exists a
ﬁnite set of pairs 	iu jutu=1 with iu ≤ ju ≤ k and elements xu ∈ Miu
such that x = ∑tu=1εju ◦ fiujuxu − εiuxu. Let 	r1     rs ⊆ I
be a ﬁnite set such that r1 < · · · < rs ≤ k and iu ju ∈ 	r1     rs
for each u = 1     t. Then if iu = rp and ju = rp+q, we can write
εju ◦ fiujuxu − εiuxu = εrp+q ◦ frprp+qxu − εrpxu = εrp+1 ◦





Im εrn+1 ◦ frnrn+1 − εrn
Using the fact that x ∈⊕k≤l Ml it follows that x = 0, as required.
We are now ready to prove our main result. Recall that a set 	Ljj ∈ J
of independent submodules of a module X is called a local direct summand
of X (cf. [4, p. 66]) when
⊕
j∈F Lj is a direct summand of X for every ﬁnite
subset F ⊆ J. If ⊕j∈J Lj is a direct summand of X, then we will also say
that the local direct summand 	Ljj ∈ J is a summand of X.
Theorem 2.2. Let M be an indecomposable module and suppose that,
for each set I, every local direct summand of MI is a direct summand. Then
EndMR is a local ring.
Proof. Let f ∈ EndMR. We must show that either f or 1 − f is an
isomorphism. Let K = ⋃∞n=1 Ker f n and suppose ﬁrst that K = M . We
deﬁne an endomorphism h of M by hx = x +∑∞n=1 f nx. Since M =⋃∞
n=1 Ker f
n we see that for each x ∈ M there exists an integer k ≥ 1
such that f kx = 0 and hence h is well deﬁned. It is easy to check that
1− f  ◦ hx = x and h ◦ 1− f x = x for each x ∈ M and so h is,
in this case, the inverse of 1− f .
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Thus we may suppose that K = M . We set, for each ordinal α, Nα =
M , and we are going to deﬁne by transﬁnite induction homomorphisms
hαβ Nα → Nβ for each pair of ordinals such that α ≤ β, in such a way that
they satisfy:
1. For each ordinal γ, hγγ+1 = f , and the family 	hαβ  Nα →
Nβα≤β≤γ is a direct system.
2. There exists an element x ∈ N0 such that h0αx /∈ K for each
ordinal α.
The construction starts by setting hαα = 1Nα , h01 = f , and, more gener-
ally, hαα+1 = f for each ordinal α. Let γ now be an ordinal and suppose
that, for each δ < γ, we have already deﬁned hαβ for all α ≤ β ≤ δ satisfy-
ing the above conditions. We must show that we can deﬁne hαγ Nα → Nγ
for each α ≤ γ, such that h0αx /∈ K and 	hαβ  Nα → Nβα≤β≤γ is a
direct system. If γ = ξ + 1 is a nonlimit ordinal, then we have a direct
system 	hαβ  Nα → Nβα≤β≤ξ and h0βx /∈ K for each ordinal β ≤ ξ.
Then we just set hαγ = f ◦ hαξ for each α ≤ ξ. Now we see that 	hαβ 
Nα → Nβα≤β≤γ is a direct system and, since h0ξx /∈ K, we also have
h0γx /∈ K.
Suppose now that γ is a limit ordinal. By the induction hypothesis we
have that for each ordinal δ < γ, 	hαβ  Nα → Nβα≤β≤δ is a direct system
and h0δx /∈ K. Then it is easy to check that 	hαβ  Nα → Nβα≤β<γ is
also a direct system. Let Y = lim−→ α<γNα with canonical morphisms uα 
Nα → Y , so that uβ ◦ hαβ = uα for α ≤ β < γ.
By Lemma 2.1 we know that there exists an exact sequence
0→ Z −→ ⊕
α<γ
Nα
π−→ Y → 0
where Z is a union of a chain of direct summands of
⊕
α<γ Nα. Since
every local direct summand of
⊕
α<γ Nα is a direct summand by hypoth-
esis, we have from [7, Lemma 2.16] that Z is actually a direct sum-
mand of
⊕
α<γ Nα, so that π splits and there exists a homomorphism
ν Y → ⊕α<γ Nα satisfying π ◦ ν = 1Y . We claim that ν ◦ u0x /∈⊕
α<γ K ⊆
⊕
α<γ Nα. To prove this it is enough to show that
⊕
α<γ K ⊆ Z,
for we know that Im ν ◦ u0 ⊆ Im ν and Im ν ∩ Z = 0. Thus this would
imply that ν ◦ u0x = 0 and hence that u0x = 0. But this cannot hap-
pen because, using the properties of the direct limit (see, e.g., [8, 24.3
(1)]), we would have that h0αx = 0 for some α < γ, in contradiction with
the hypothesis.
Next we show that
⊕
α<γ K ⊆ Z. Set Kα = K for each α < γ and let
µα Kα →
⊕
α<γ K be the canonical injections. If y ∈ K, then by deﬁnition
there exists an n ∈  such that f ny = 0. Since hαα+n = f n we see that
hαα+ny = 0 and hence µαy = εαy = εαy − εα+n ◦ hαα+ny ∈ Z.
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Thus we have proved that ν ◦u0x /∈
⊕
α<γ K and hence there exists an
ordinal θ < γ such that if pθ 
⊕
α<γ Nα → Nθ is the canonical projection,
then pθ ◦ ν ◦ u0x /∈ K. Now we set hαγ = pθ ◦ ν ◦ uα. Then for α ≤
β ≤ γ we have that hβγ ◦ hαβ = pθ ◦ ν ◦ uβ ◦ hαβ = pθ ◦ ν ◦ uα = hαγ,
so that 	hαβ  Nα → Nβα≤β≤γ is a direct system. Furthermore, h0γx =
pθ ◦ ν ◦ u0x /∈ K. Thus it is clear that h0αx /∈ K for each α ≤ γ and
so we have completed the inductive construction.
Next we are going to show that there exists an ordinal η with the fol-
lowing property: For each couple of ordinals α, β such that η ≤ α < β
there exists an ordinal γ ≥ β such that Nβ = Imhαβ + Ker hβγ. Suppose
that this is not the case. Then there exist ordinals α1 < β1 such that for
each γ ≥ β1, Nβ1 = Imhα1β1 + Ker hβ1γ. If for every element x ∈ M there
would exist an ordinal γ such that x ∈ Imhα1β1 + Ker hβ1γ, then taking γ
sufﬁciently big we would obtain that Nβ1 = Imhα1β1 + Ker hβ1γ, which is a
contradiction. Thus there exists an element x1 ∈ Nβ1 such that
x1 /∈ Imhα1β1 +Ker hβ1γ
for every γ ≥ β1. Next we can choose ordinals α2 β2 such that β1 < α2 <
β2 and an element
x2 /∈ Imhα2β2 +Ker hβ2γ
for each γ ≥ β2. By transﬁnite induction we can obtain, for each ordinal ι,
ordinals αι < βι and an element xι ∈ Nβι = M such that the following
conditions hold:
1. xι /∈ Imhαιβι +Ker hβιγ for each γ ≥ βι.
2. αι′ < βι′ < αι < βι for ι′ < ι.
Let us now consider, for each ordinal ζ, the set 	hβιβζ xιι<ζ ⊆ Nβζ =
M . We claim that hβι′βζ xι′  = hβιβζ xι if ι′ < ι. If we assume, on the
contrary, that these elements are equal then we have
hβιβζ xι − hβι′βιxι′  = 0
Since βι′ < αι, and hence Imhβι′βι ⊆ Imhαιβι , this implies that
xι ∈ Imhβι′βι +Ker hβιβζ ⊆ Imhαιβι +Ker hβιβζ 
But this is a contradiction that proves our claim. Hence we have that the
cardinal of the set 	hβιβζ xιι<ζ is the same as the cardinal of ζ. Since ζ
is arbitrary, this implies that the cardinal of M is greater than the cardinal
of any ordinal, a contradiction which shows that there does indeed exist an
ordinal η with the required properties. Observe now that, since Ker hηθ ⊆
Ker hηθ′ , for η < θ < θ′, these kernels form an increasing chain of subsets
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of M and so there exists an ordinal κ > η such that Ker hηθ = Ker hηκ for
each ordinal θ > κ. Now, by the property deﬁning η there exists an ordinal
γ ≥ κ+ 1 such that
Nκ+1 = Imhηκ+1 +Ker hκ+1γ
We show that this sum is direct. Indeed, suppose that y ∈ Imhηκ+1 ∩
Ker hκ+1γ. Then there exists z ∈ Nη such that y = hηκ+1z and so
0 = hκ+1γy = hκ+1γhηκ+1z = hηγz, from which it follows that
z ∈ Ker hηγ = Ker hηκ+1. Thus y = hηκ+1z = 0.
We have proved that M = Nκ+1 = Imhηκ+1 ⊕ Ker hκ+1γ. Now,
Imhηκ+1 ⊇ Imh0κ+1 = 0 (as 0 = h0κ+1x ∈ Imh0κ+1) and, since M
is indecomposable we see that M = Imhηκ+1 and Ker hκ+1γ = 0. Since
hηκ+1 = f ◦ hηκ we have that Imhηκ+1 ⊆ Im f and so f is an epimor-
phism. Moreover, hκ+1γ = hκ+2γ ◦ f and hence Ker f ⊆ Ker hκ+1γ = 0,
so that f is actually an isomorphism and the proof is complete.
A family of modules 	Mii ∈ I is called locally semi-T-nilpotent if for
any inﬁnitely countable set of non-isomorphisms 	fn Min → Min+1 with
all in distinct in I, and for any x ∈ Mi1 , there exists a positive integer
k (depending on x) such that fk · · · f1x = 0. Recall that a module X
is said to have the exchange property if, for any index set I, whenever
X ⊕ Y = ⊕i∈I Li for modules Y and Li there are submodules Ni of Li
(i ∈ I) such that X ⊕Y = X ⊕ ⊕i∈I Ni. Recall also that a decomposition
X =⊕i∈I Li is said to complement direct summands in case, for each direct
summand Y of X, there is a subset J ⊆ I such that X = Y ⊕ ⊕i∈J Li.
As a consequence of Theorem 2.2, we can see that the above properties of
a decomposition become equivalent when one considers indecomposable
decompositions of large direct sums of copies of a module.
Corollary 2.3. Let M be a module. Then the following conditions are
equivalent:
(i) Every local direct summand of a module of Add M is a direct
summand.
(ii) Every module X of Add M has a decomposition X = ⊕I Xi,
where the Xi have local endomorphism rings and the family 	Xii∈I is locally
semi-T-nilpotent.
(iii) Every module of Add M has a decomposition that complements
direct summands.
(iv) M has an indecomposable decomposition and every module of
Add M has the exchange property.
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Proof. Observe that since all the properties to be satisﬁed by a mod-
ule of Add M are, in our hypotheses, inherited by direct summands,
it is enough to show that all of these conditions are equivalent for the
modules of the form MI, where I is a set. Bearing in mind the results
of Harada and Zimmermann-Huisgen and Zimmermann mentioned in the
Introduction (cf. [7, Theorem 2.25]), it will sufﬁce to show that under any
of the conditions (i)–(iv) MI has an indecomposable decomposition with
local endomorphism rings, for every set I.
Suppose ﬁrst that every local direct summand of MI is a direct sum-
mand. Then M has the analogous property and hence M has an indecom-
posable decomposition M = ⊕J Mj by [7, Theorem 2.17]. Thus we have
that MI =⊕J MIj for each set I and, moreover, that every local direct
summand of MIj is a direct summand, for each set I. Therefore, each Mj
has local endomorphism ring by Theorem 2.2.
If (ii) holds there is nothing to prove, so assume that (iii) holds, i.e.,
MI has a decomposition that complements direct summands for every
set I. ThenM also has a decomposition that complements direct summands
[1, Lemma 12.3], say M =⊕J Mj . Then MI =⊕J MIj is a decomposi-
tion of MI that complements direct summands, because all indecompos-
able decompositions of MI are equivalent by [1, Theorem 12.4]. Thus
EndMj is local by [1, Proposition 12.10].
Finally, suppose that (iv) holds and consider an indecomposable decom-
position of MI. Then the indecomposable direct summands of MI have
the exchange property and, as is well known, they also have local endomor-
phism ring.
When the equivalent conditions of Corollary 2.3 are applied to the mod-
ule M = RR, we obtain known characterizations of right perfect rings (see
[1, Theorem 28.14; 6, Theorem 8.5.12; 9, Corollary 7]). These characteri-
zations are also valid if the conditions hold for RIR where I is a countable
set but for a general M the proof of Theorem 2.2 requires the use of larger
cardinals. We do not know any example of a module which satisﬁes the
hypotheses of Theorem 2.2 with I countable but whose endomorphism ring
is not local.
On the other hand, Corollary 2.3 can be used, together with [1,
Theorem 29.5], to obtain additional characterizations of when the endo-
morphism ring of a ﬁnitely generated module is right perfect. For example,
we can see that if M is ﬁnitely generated, then S = EndMR is right per-
fect if and only if M is a direct sum of indecomposables and MI has the
exchange property for every (countable) set I, if and only if every local
direct summand of MI is a direct summand, for every (countable) set I
(see also [2, Theorem 5]).
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In the next corollary we consider the special case in which M is an inde-
composable module. We have
Corollary 2.4. LetM be an indecomposable module. Then the following
conditions are equivalent:
(i) Every local direct summand of MI is a direct summand for every
set I.
(ii) The family 	MiI , where Mi =M for each i ∈ I, is locally semi-T-
nilpotent for each set I.
(iii) MI is an indecomposable decomposition which complements
direct summands, for each set I.
(v) MI has the exchange property for each set I.
Proof. Again we see that if any one of conditions (i)–(iv) holds, then
EndMR is local. Note that, if (ii) holds and f ∈ EndMR is a non-
isomorphism, then M = ⋃∞n=1 Ker f n. Thus the ﬁrst part of the proof of
Theorem 2.2 shows that 1 − f is an isomorphism and hence EndMR is
local.
We remark that the equivalent conditions of Corollary 2.3 for a module
M are strictly stronger than M having a local endomorphism ring. For
example, if M = RR is a commutative local ring which is not a ﬁeld, then
MR does not satisfy these conditions.
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